FREE PARATOPOLOGICAL GROUPS 



ALI SAYED ELFARD 

Abstract. In this paper, we study the free paratopological groups 
FP{X) and AP{X) on a topological space X in the sense of Markov. 
We prove that FP{X) and AP{X) on an Alexandroff space X are 
Alexandroff spaces, we introduce simple description of neighbor- 
hood bases at the identity for their topologies when the space X 
is Alexandroff and we give some properties on these neighborhood 
bases. As applications of this, we give a characterization for FP{X) 
and AP{X) on an arbitrary space X to be topological groups and 
we prove that FP{X) is Tq if the space X is Tq. In addition, we give 
a class of a space X, where FP{X) and AP{X) have the inductive 
limit property. 



1. Introduction 

The free paratopological groups FP{X) and AP(X) on a topological 
space X in the sense of Markov are the free abstract groups Fa{X) 
and Aa{X) on X with the strongest paratopological group topologies 
on Fa{X) and Aa{X), respectively, that induce the original topology 
on X. This paper is adapted from ([5], chapter 3) and it is a study 
of the topology of free paratopological groups FP{X) and AP{X) on 
a space X. 

In this paper, we prove that the free paratopological groups FP{X) 
and AP{X) are Alexandroff spaces if and only if the space X is Alexan- 
droff and then we introduce simple neighborhood bases at the identities 
of FP{X) and AP{X) for their topologies when the space X is Alexan- 
droff. We study some properties of these neighborhood bases and then 
as applications of this, we study FP{X) and AP{X) in a case where 
A is a partition space and in another case where A is a Tq Alexandroff 
space. In addition, in Theorem 15.31 we characterize the spaces X for 
which the paratopological groups FP{X) and AP{X) are topological 
groups and in Theorem 15. 8[ we prove that FP{X) is Tq space if the 
space A is To . These last two results were found independently by the 
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author's thesis [5], but later we were informed by Ravsky that similar 
to these results were found by Pyrch ( [TUI , [H] ) . Nevertheless we think 
that our proofs are easier than that the proofs of ([lO], [H]). Finally, 
we give a class of spaces for which the free paratopological groups have 
the inductive limit property. 

2. Definitions and Preliminaries 

A paratopological group is a pair (G, T), where G is a group and T 
is a topology on G such that the mapping (x, y) ^ xy oi G x G into G 
is continuous. If in addition, the mapping x h-)- of G into G is 
continuous, then (G, T) is a topological group. 

If (G, T) is a paratopological group, then simply we denote it by G. 

Marin and Romaguera [8] described a complete neighborhood base 
at the identity of any paratopological group as follows: 

Proposition 2.1. LetG he a group and let ,yV he a collection of suhsets 
of G, where each memher of ^ contains the identity element e of G. 
Then the collection is a hase at e for a paratopological group topology 
on G if and only if the following conditions are satisfied: 

(1) for all U,V e^, there exists W such that W CUnV; 

(2) for each U G there exists V e ^ such that C U; 

(3) for each U G and for each x E U, there exists V G ^ such 
that xV C U and Vx C U; and 

(4) for each U G ^ and each x G G, there exists V G ^ such that 
xVx-^ C U. 

Definition 2.2. [3j Let X be a subspace of a paratopological group G. 
Suppose that 

(1) the set X generates G algebraically, that is, {X) = G and 

(2) every continuous mapping / : X — > of X to an arbitrary 
paratopological group H extends to a continuous homomor- 
phism f : G ^ H. 

Then G is called the Markov free paratopological group on X, and is 
denoted by FP{X). 

By substituting "abelian paratopological group" for each occurrence of 
"paratopological group" above we obtain the definition of the Markov 
free ahelian paratopological group on X and we denote it by AP{X). 

Remark 2.3. We denote the free topology of FP{X) by Tfp and 
the free topology of AP{X) by Tap and we note that the topologies 
Tfp and Tap are the strongest paratopological group topologies on the 
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underlying sets of FP{X) and AP{X), respectively, that induce the 
original topology on X. 

Let X be a set. Then for all /c G Z we define the subset Zk{X) = 
{xl^x^^ • • • a;^" ^ ^a{X) : X]"=i = ^} of the free group Fa{X) and the 

subset Z^{X) = {eia;i + e2X2H he„a;„ G v4a(X) : Yji=i'^i = ^} of the 

free abelian group Aa{X). For every ki,k2 G Z, the sets Z^^i^X) and 
Zfc2(X) are disjoint whenever ki ^ k2 and the sets Z^^(X) and 
are disjoint whenever ki 7^ k2. The set Zq{X) is the smallest normal 
subgroup containing the set Zp = \J^^x^~^-^ ^"^^ set Zq{X) is 
the smallest subgroup containing the set Za = U^ex — a^- 

3. Pq,-spaces 

Let X be a topological space and a be an infinite cardinal. Follow- 
ing [12], we say that X is a Pa-space if is open in X for each 
family ^ of open subsets of X with |^| < a. 

Let (X, r) be a topological space and let a be an infinite cardinal. We 
define the topology Tq, to be the intersection of all topologies C on X 
where t C O and (X, O) is a Pa-space. Since the discrete topology 
on X contains r and is a P^-space, Tq, exists and it is easy to see that 
(X, Tq.) is a Pa-space. We call the topology Tq, the Pa-modification of t. 

Let a be an infinite singular cardinal and let X be a topological 
space. Then X is a Pa+-space if X is a P^-space, where is the 
successor cardinal of a. 

For the remain of this section we assume that a is a fixed infinite 
cardinal unless we say otherwise. 

Theorem 3.1. Let (X, r) he a topological space and let he the in- 
finite successor cardinal of a. Then the collection of all sets which are 
the intersection of fewer than /3 open suhsets of X is a hase for the 
topology Ta on X , where 13 = a if a is regular and (3 = if a is 
singular. 

Proof. Let r = {f/j}ig/. We show that the collection ^ = {fldeD '■ 
D C I and \D\ < (3} of subsets of X is a base for the topology Tq, 
on X, where /3 as defined in the statement of the theorem. It is well 
known that every infinite successor cardinal is regular (for example, see 
corollary 10.5 of [6j), so in both cases, /3 is regular. 

We show first that =^ is a base for some topology r* on X. If a; G X, 
then there exists io & I where x G Ui^ and such that Ui^ G Let 
Bi,B2 G ^ and let x G Pi fl B2. Assume that Pi = f]^^^Ud and 
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B2 = ClterUt, where D,T C I and \D\, \T\ < (3. Let R = DUT. So 
\R\ < (3. Hence S3 = Hrg/j Ur E SS and x G ^3 C fi^ n Therefore, 
=^ is a base for some topology r* on X. 

We show second that (X, r*) is a P^-space. Let r* = {V^ jjeJ and 
let M C J where \M\ < 13. Then we have 



where Im is an index set and Bm,i G ^ for all m G M and i E Im- 
Thus r* contains r and (X, r*) is a P^-space, which implies that in 
both cases of /3, (X, r*) is a P^-space. 

Now let f be a topology on X containing r such that (X, f) is a 
Pa-space. Then in the case where a is regular, we have <^ C f and in 
the case where a is singular, by the argument above, we have (X, f) is 
a P„+ -space, which implies that ^ <Z f. Thus r* C f and hence r* is 
the smallest topology on X containing r such that (X, r*) is a P^-space. 
Therefore, r* = Tq,. □ 

Next we show that the Pa-modification of the topology of a paratopo- 
logical group is also a paratopological group topology. 

Proposition 3.2. Let {G,t) be a paratopological group. Then {G,ra) 
is a paratopological group. 

Proof. Let gi,g2 E G and let U E contain (71(72 • We show that there 
exist Ui,U2 E Ta containing (71,(72, respectively, such that U1U2 C U. 
Now by Theorem 13. 11 there is a set A, where |A| < (3 and (3 is as in the 
theorem such that (71(72 E HagA U\ — ^ where U\ E t for all A G A. 
Thus gig2 E U\ for all A G A. Since r is a paratopological group 
topology on G, for each A G A, there are V^(A),W^(A) G r contain- 
ing (71, (72, respectively, such that V{X)W{\) C Ux. Let Ui = Haga ^(^) 
and U2 = ClxeA^W- Then U1U2 C Ux for all A G A. Hence, 
Ui, U2 E Ta and U1U2 C 1^;^^^^ Ux C U. Therefore, is a paratopolog- 
ical group topology on G. □ 

Proposition 3.3. Let {Y, ry) be a subspace of a topological space (X, r). 
Then t^Iy = (Ty)^. 

Theorem 3.4. Let X be a topological space. Then the free paratopo- 
logical group FP{X) on X is a Pa-space if and only if the space X is 
a Pa- space. 
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Proof. Assume that FP{X) is a P^-space. Since X is a subspace 
of FP{X), it is easy to see that X is a P^-space. 

Let r be the topology of X and let Tpp be the free topol- 
ogy of FP{X). We show that (l~Fp)a = Tfp- By Proposition I3.2[ 
(TFp)a is a paratopological group topology on Fa{X) and it is stronger 
than Tfp- However, Tfp is the free paratopological group topology 
on Fa{X), which is the strongest paratopological group topology on 
Fa{X) inducing the original topology r on X. By Proposition 13. 3[ we 
have {TFp)a\x = {TFp\x)a and since (TfpIx)^ = (^)a = r, {Tfp)^ in- 
duces the topology r of X. Thus we have {Tfp) a = Tfp and therefore, 
FP{X) is a P«-space. □ 

The same result of Theorem 13.41 is true for AP{X). 

A topological space X is said to be Alexandroff [1] if the intersection 
of every family of open subsets of X is open in X. 

Our main references for Alexandroff spaces are Kopperman [7| and 
Arenas [Tj. Let X be a topological space and let x e X. Then we 
define the set 

U{x) = f]{U : U is open in X containing x}. 

It is easy to see that a space X is Alexandroff if and only if for each 
X G X, the set U{x) is open in X. In case when X is an Alexandroff 
space, we call U{x) the minimal open neighborhood of x. It is easy to 
see that if y G U{x), then U{y) C U{x). 

A space X is Alexandroff if and only if X is a P^-space for every 
infinite cardinal a, so by using Theorem 13. 4[ we get the next result. 

Corollary 3.5. The free paratopological group FP{X) (AP{X)) on 
a space X is an Alexandroff space if and only if X is an Alexandroff 
space. 

4. Neighborhood base at the identity 

In this section, we introduce neighborhood bases at the identities of 
FP{X) and AP{X) on an Alexandroff space X and then we give some 
properties of these neighborhood bases. 

Let G be a group and let if be a subset of G. Then we say that H 
is a suhmonoid of G if if contains the identity of G and closed under 
the multiplication in G. If, in addition, H satisfies ghg~^ G H for all 
h & H and g & G, then we say that if is a normal submonoid of G. 
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Proposition 4.1. If H is a normal suhmonoid of a group G, then {H} 
is a neighborhood base at the identity of G for a paratopological group 
topology on G. 

Proof. Let if be a normal submonoid of G. Then it is easy to see 
that {H} satisfies the conditions of Proposition 12.11 and then {H} is 
a neighborhood base at the identity of G for a paratopological group 
topology on G. □ 

Proposition 4.2. Let X be an Alexandroff space. Then the neighbor- 
hood base at the identity e (0^) in FP{X) (AP{X)) is a single normal 
submonoid. 

Proof. By Theorem 13.51 the group FP{X) is an Alexandroff space. Let 
U{e) be the minimal open neighborhood of the identity element e in 
FP{X). So {U{e)} is a local base at e for the free topology of FP{X). 
Now there exists a neighborhood V of e in FP{X) such that V"^ ^ U (e). 
Since [/(e) C V, U{eY C C [/(e). Therefore, [/(e) is a submonoid. 

Now if (7 € FP{X), then by condition (4) of Proposition 12.11 there 
exists a neighborhood of e such that gWg'^^ C [/(e). Since [/(e) 
is the minimal open neighborhood of e, then [/(e) C W, which im- 
plies that gU{e)g~^ C gWg^^ C [/(e). Therefore, [/(e) is a normal 
submonoid of FP{X). 

Similarly, we can prove the statement of the theorem for AP{X). □ 

Let G be a group. For S* C G, let (5*)*^ denote the intersection of all 
normal submonoids H of G such that S ^ H. Therefore, (S)'^ will be 
the smallest normal submonoid of G containing the set S. We call it 
the normal submonoid of G generated by S and we call the set S the 
set of generators for (5*)*^. 

The normal submonoid (5')'^ is of the form 

(S)'^ = {giSig^^ §28292 ^ ■ ■■9nSn9n^- ,gk ^ G,Sk E S for all 
k = 1,2,. . .,n,r2 G NU{0}}, 

where we use the convention that an empty product is e. 

Now we start to introduce a neighborhood base at the identity of 
AP{X), where X is an Alexandroff space. 

Let X be an Alexandroff space and let Ua = Uxexi^i-'') ~ ^) — 
AP{X). Then we define Na to be the smallest submonoid of AP{X) 
containing the set Ua- So Na is of the form 

Na = {yi - xi + y2 - X2 ^ \- yn - Xn'. Xi e X,yi e U (xi) for all 

2 = 1,2, ... ,n,n G N}. 
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Or simply, we write A^^ = {Ua)- Since every submonoid of an abelian 
group is normal, A^^ is normal. However, we will omit the word normal 
and say submonoid. 

Let Na = {Na}- Since Na is a submonoid of AP{X), by Proposi- 
tion 14. H Ma is a neighborhood base at 0^ for a paratopological group 
topology Oa on Aa{X). 

Now we consider the non-abehan case. Let Up = Uzex {x~^U{x) U 
U{x)x~^) C FP(X). Then we define N'p to be the smallest normal 
submonoid of FP{X) containing the set Up. 

We claim now that the normal submonoid A'^^ is equal to the smallest 
normal submonoid Np containing the set Up = Uxex ^'^U (x). In fact, 
it is clear that Np C N'p. Now let w G Up. U w = x~^y, then it is 
clear that w G Np and if w = yx~^, then w = y{x~^y)y''^ G Np, which 
implies that U'p C Np. Thus A^^, C A^^ and therefore, Np = N'p. 

The normal submonoid Np consists exactly of the set of all elements 
of the form, 

where n G N, gi, g2, . . . , Qn is an arbitrary finite system of elements 
of Fa{X) and Xi ^yi,X2 ^y2i ■ ■ ■ , x^^yn is an arbitrary finite system of 
elements of Up. 

Define N'p = {Np}. By Proposition 14. H A/f is a neighborhood base 
at e for a paratopological group topology Op on the free group Fa{X). 

Proposition 4.3. Let X be an Alexandroff space. Then the topologies 
Op and Oa induce topologies coarser than the original topology on X. 

Proof. We prove that Op\x induces a topology coarser than the original 
topology on X. Let x G X and let y G U{x). Then x~^y G Np. This 
implies that y G xNp n X and then U{x) C xNp fl X. Thus Op\x is 
coarser than the original topology on X. 

An analogous proof can be used for Oa- □ 

Theorem 4.4. Let X he an Alexandroff space. Then Afp (Ma) is a 
neighborhood base at e (Qa) for the topology of FP[X) (AP[X)). 

Proof. We prove the theorem for Mp, since the proof for Ma is the same. 
We show first that the topology is finer than the free topology Tpp 
of FP{X). Let ^: X G be a continuous mapping of the space 
X into an arbitrary paratopological group G. Then ^ extends to a 
homomorphism ^: Fa{X) — )• G. We show that ^ is continuous with 
respect to the topology Op. Let be a neighborhood of ^(e) = cg in 
G. Fix X G X. Then ^{x)V is a neighborhood of ^(x) in G. Since ^ is 
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continuous at X, C ^(x)^ and Since = ^, ^(f/(x)) C ^(x)V^. 

Because ^ is a homomorphism, ^x~^[/(x)) C V. Since x is any point 
in X, we have 

(1) e( u x-'uix)) c V. 

Fix n G N. Then there exists a neighborhood U of in G such that 
f/" C \/ and also, for all g G F(j(X), there exists a neighborhood of 

ec in G such that i{g)W (^C,{g)) ^ ^ U. Since is any neighborhood 
of cg in G, from ([I]), we have i{ [j^^^ x-^U{x)) C W. Fix ^ G F„(X). 
So we have 

Since ^ is a homomorphism, 

(2) i{ [j gx-^U{x)g'') C i{g)Wi{gr^ C [/. 

xex 

Since ([2]) holds for every g G Fa(X), we have 

i{ U U ^ f^- 

(;eF„(X)x-eX 

Thus we have 

Since n is any element of N, 

Since Xi. = \Jnen{V\geFa{x)V\xex 9X'^U{x)g-^Y , we have ^'(X^) C 

V . Thus ^ is continuous with respect to the topology Op and there- 
fore. Op is finer than Tfp- By Proposition 14.31 Of\x is coarser than 
the original topology on X. Since Ci? is finer that Tfp, Op\x in- 
duces the original topology on X. Thus we satisfied the conditions 
of Definition \2.2\ which implies that Op = Tfp- Therefore, Mf is a 
neighborhood base at e for the free paratopological group FP{X). □ 

Let FP{X) be the free paratopological group on an Alexandroff space 
X. Then we define the collection Jifp = {gNp '■ g G Fa{X)} of left 
cosets of Np and we define the collection JifA = {g + Na : g G Aa{X)} 
of (left) cosets of Na- 
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Now if gi, g2 G FP{X) such that gi G 5'2A^f, then giNp C g2NFNF = 
92Nf- 

A similar result is true for the collection Jif^ of AP{X). 

Let X be a topological space and let /: X — )■ AP{X) be the iden- 
tity mapping of the space X to the free paratopological group AP{X) 
on X. Then we extend / to the continuous homomorphism mapping 
J: FP{X) — AP{X). We call the mapping / the canonical mapping. 

Proposition 4.5. If X is an Alexandroff space, then I{Nf) = Na and 

i{Zo{x)) = z^{x). 

Proof. Let X be an Alexandroff space. Then we have I{Uf) = Ua and 
I{Nf) is a submonoid of AP{X) containing the set Ua- We claim that 
I{Nf) = Na. In fact, since Ua ^ I{Nf) and I{Nf) is a submonoid, 
Na C i{NF). It is clear that /(Xp) C Na, therefore, the result fol- 
lows. Since the normal subgroups Zq{X) and Zq{X) have Zf and Za, 
respectively, as sets of generators and I{Zf) = Za, the same proof can 
be used to show that /(^o(^)) = Z^{X). □ 

Theorem 4.6. Let X be an Alexandroff space. Then the following are 
equivalent. 

(1) The space X is indiscrete. 

(2) Nf = Zo{X) m FP{X). 

(3) Na = Z^{X) m AP{X). 

Proof. (1)^(2): Assume that X is indiscrete. Then U{x) = X for all 
x e X and so Uf = Zf, where Zf is the generating set for Zq{X) (see 
section [2]). Therefore, Nf = Zq{X). 

(2) ^(3): Assume that Nf = Zo{X). Let J: FP(X) ^ AP{X) be 
the canonical mapping. Thus I{Nf) = I{Zq{X)) and hence by Propo- 
sition i{NF) = Na and i{Zo{X)) = Z^{X), so Na = zf{X). 

(3) ^(1): Assume that Na = Z^{X). Thus Z^{X) is open in AP{X) 
for each k e Z. Since Z^{X) n X = X and Z^(X) n X = for all 
/ceZ\{l}, we have X is indiscrete. □ 

5. Applications 

5.1. Free paratopological groups on partition spaces. 

Let X be a set and let ^ be a partition of X. It is well known in 
the context of general topology (see for example, Steen [13]) that 
together with 0, is a base for a topology on X called the partition 
topology generated by This topology is characterized by the fact 
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that every open set is closed (equivalently, every closed set is open). 
We call a space X a partition space if X has a base which is a partition 
of X. Clearly, every partition space is an Alexandroff space. 

Let X be a partition space. Then it is easy to see that the collection 
{f/(x)}a;gx is a partition on X, where U{x) as defined above. 

Proposition 5.1. If X is a partition space, then is a subgroup of 
AP{X) and Np is a normal subgroup of FP{X). 

Proof. We show the proposition for Np- Let X be a partition space 
and let w = gix^^yig^'^ ■ ■ ■ gnX'^Ung'^ e Np, where i/i e U{xi),gi e 
FP{X) for alH = 1, 2, . . . , n. Since X is a partition space, Xi e U{iii) 
for alH = 1, 2, . . . , and hence 

gnVn^Xngn " " " giVi^xigi = G Np. 

Therefore, Np is a normal subgroup. 

Essentially the same proof for X4 is valid. □ 

Proposition 5.2. If X is a partition space, then the free paratopolog- 
ical groups FP{X) and AP{X) are partition spaces. 

Proof. Let X be a partition space. Then by Proposition 15. ![ the col- 
lections ^ and J^A are partitions of FP{X) and AP{X), respectively. 
Therefore the result follow. □ 

Let Ta be the topology of the subspace X~^ of FP{X), where X 
be any topological space. Then by Theorem 4.2 of [3], the topology 
Ta has as an open base the collection {C^^ : C closed in X}. In this 
topology, the intersection of every collection of open subsets is open, 
and the space X^^ = (X~^, Ta) is therefore an Alexandroff space. 

Theorem 5.3. Let X be a topological space. Then the free paratopo- 
logical group FP{X) on X is a topological group if and only if X is a 
partition space. 

Proof. Assume that FP{X) is a topological group. Let U be an 
open set in X. By the argument above, the topology on the subspace 
X^^ of FP[X) has the collection {C~^ : C is closed in X} as a base. 
Thus {U^)~^ is open in X^^. Since the inversion mapping of X~^ to 
X is a homeomorphism, is open in X. So f/ is closed in X and 
therefore, X is a partition space. 

Assume that X is a partition space. By Proposition l5.lt Np is 
a subgroup of FP[X). Therefore, FP{X) is a topological group. 
The same proof works for AP{X). □ 
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5.2. The To separation axiom. 

Proposition 5.4. Let X be an Alexandroff' space and let I: FP{X) — )■ 
AP{X) he the canonical mapping. Then the space X is Tq if and only 
if for each w e Np and w ^ e we have I{w) ^ 0^. 

Proof. We prove the contrapositivc statement. Suppose that there 
exists w e Np and w ^ e such that I{w) = Oa, where 

w = gix^^yig^^g2X2^y2g2^ ■ ■ ■ gnX~^yn9n^ for some n^n^yi^Xi and 
yi G U{xi) for alH = 1, 2, . . . , n. 

Then wc have /(w) = yi — Xi + y2 ~ X2 + ■ ■ ■ + y,,. — = Oa- If 
n = 1, then xi = yi, which gives a contradiction. Assume that n > 1. 
Since I{w) ~ 0^, for each i & A — {l,2,...,n}, there exists ji e 
^, where ji ^ i such that Xi = yj^. Define a: A ^ A hy setting 
'^(0 — ji for all i & A. Clearly o" is a permutation on A. Since any 
permutation can be written as product of cycles, there arc m G N, 
where 2 < m < n and distinct ii, i2, ■ ■ ■ ,im ^ ^ such that cr(ii) = i2, 
o"(«2) = is, ■ ■ ■ , cr{im-i) = im, cr{im) = ii and such that = ya{ik) for 

^ ~ Ij 2, . . . , 171. Thus Xi^ — yi2, X^^ — yi^-i ■ ■ ■ , ^irn-l ~ Vim-i ■^im ~ Vh 

and hence 

U{yi,) C U{xi,) = U{yi,) C = C/(x,3) C • • • 

which implies that 

Thus we can not separate the points yi-^ , Xi-^ ^yi^^Xi^, . . . , Xi^_^ , yi^ . There- 
fore, X is not a Tq space. 

<^=: Assume that X is not Tq. Then there are x,y E X such that 
X ^ y and U{x) = U{y), which implies that x & U{y) and y G U{x). 
Hence 

w = x~^yxy^^ = (x^^y)(x{y~^x)x~'^) G Np 
and w e, but /(u^) = 0^. Therefore, the space X is Tq. □ 

Wc note that a corollary of this result is that if X is an Alexandroff 
Tq space, then the canonical mapping / has the property that ker/ n 
Np = {e}. 

Proposition 5.5. Let G be a paratopological group. Then G is a 
To space if and only if for all a & G such that a ^ e, there exists 
a neighborhood U of e such that either a or ^ U. 
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Proof. Let a G G such that a ^ e. Since G is Tq, either there 

exists an open set U such that e G f/ and a ^ U or there exists an open 
set V such that a G V and e ^ V^, so defining f/ = a^^V we have e G f/ 
and a ^ U as required. 

-^=: Let a,b E G such that a ^ h. Thus a6~^ 7^ e. So by our 
assumption there exists an open set U containing e such that either 
ah^^ ^ U OT ba^^ ^ U. Thus either a ^ Ub or b ^ Ua. Therefore, G is 
To. □ 

Proposition 5.6. Let X be an Alexandroff space. Then FP{X) is a 
To space if and only if X is a Tq space. 

Proof. Since X is a subspace of FP{X), the result follows. 

<^=: Assume that X is Tq. We claim that FP{X) is Tq. In fact, if 
FP{X) is not Tq, then by Proposition [5]5l there exists w G FP{X), w 7^ 
e such that w, G Np. Hence by Proposition 15.41 I{w) ^ Oa and by 
Proposition [43], l{w\ —I{w) G Na, which implies that I{w), —I{w) are 
in every neighborhood of Oa- Once again by Proposition 15.51 AP{X) is 
not To and so by Proposition 3.4 of [9J (which says that if a space X is 
To, then AP{X) is To), X is not a To space, which gives a contradiction. 
Therefore, FP{X) is To. □ 

Fix G N and let = {1, 2, . . . , n} C N. For i = 0, 1, . . . , n, define 
Rn,i = {I5 2, . . . , z} and r„ = {Rn,i '■ i = 0, . . . , n}. Then it is easy 
to see that r„ is a topology on Let m,k G Rn, where m ^ k and 
assume that m < k. Then m G Rn,m and k ^ Rn,m- Therefore, (i?„, r„) 
is a To space. 

Proposition 5.7. ^ Let X 6e a To space and let Xi,X2, . . . , x„ be dis- 
tinct elements of X . Then there exists a continuous mapping /i: X — )■ 
Rn such that fi\{xi.x2,...,x„} is one-to-one. 

Theorem 5.8. Let X be a topological space. Then the free paratopo- 
logical group FP{X) on X is Tq if and only if the space X is Tq. 

Proof. Since every subspace of To space is Tq space, the result 

follows. 

-^=: Let w = xl^x^ ■ ■ ■ G FP{X) for some m G N such that w 7^ 
e. Choose indices 11,12, ... ,inioT some n <m such that Xj^, Xjj, . . . , xi^ 



are the distinct letters among xi,X2, ■ ■ ■ ,Xm- Then by Proposition 15. 7[ 
there exists a continuous mapping jj, : X ^ Rn such that lJ^\{xi^,Xi.^,...,xi„} 
is one-to-one, where Rn is the space defined above. Then we extend n to 
a continuous homomorphism fi : FP{X) — )• FP{Rn). Since /i|{xi^,...,xi„} 
is one-to-one, fi{w) = [fi{xi)Y'^[fi{x2)Y^ ■ ■ ■ [fi{xn)Y" 7^ e*, where e* is 
the identity of FP[Rn). By Proposition 15. 6[ we have FP{Rn) is a 



FREE PARATOPOLOGICAL GROUPS 



13 



To space. So there is an open set U in FP{Rn), which contains one of 
e* or fi{w) and does not contain the other. Say e* G f/ and fi{w) ^ U. 
Since fi is continuous, fl~^{U) is an open set in FP{X) such that e G 
fi~^{U) and w ^ fi~^{U). Similarly for the other case. Therefore, the 
free paratopological group FP{X) is Tq. □ 

5.3. The inductive limit property in FP{X) and AP(X). 
Let X be a topological space. Then the space X is said to be the in- 
ductive limit of a cover ^ if a subset of X is open whenever V nU 
is open in U for each f/ G 

A parallel result of the next theorem is proved in Proposition 7.4.8 
of [2] for the case of free topological groups, now we prove it for the 
case of free paratopological groups. 

Theorem 5.9. Let X be a Ti P-space. Then the free paratopolog- 
ical group FP{X) (AP{X)) is the inductive limit of the collection 
{FPn{X) : n G N} ({APn{X) -.neN}). 

Proof. We prove the statement for FP{X), since the proof for AP{X) 
is similar. Let C be a subset of FP{X) such that C nFP„ (X) is closed 
in FPn{X) for all n G N. By Theorem 4.1.3 of ^3], the sets FP„(X) are 
closed in FP{X) for all n G N. Thus the sets C D FP„(X) are closed 
in FP{X) for all n G N, which implies that C is a countable union 
of closed sets in FP{X). Since by Theorem 13. 4[ FP{X) is a P-space, 
C is closed in FP{X) and then FP{X) is the inductive limit of the 
collection {FP„(X) : n G N}. □ 
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